In this note we present some observations of bifurcation in nonlinear elliptic boundary value problem −∆u = f (λ, u), in Ω, u = 0 on ∂Ω. In particular, we are interested in the effect of concave and convex combination of Ambrosetti, Brezis and Cerami type and get new class of concave and convex nonlinearity.
Introduction
Consider the nonlinear elliptic boundary value problem ∆u = f (λ, u), in Ω, u = 0 on ∂Ω.
where λ > 0 is a bifurcation parameter. A fundamental question here is: how many solutions does it have and how does the solution(s), if it exists, depend on the parameter ? As it has many impacts on other subjects and has attracted great attention for several decades. In general, the "uniqueness" of the solution is rare and the "multiplicity" of the solution is generic. In this note, we shall show some observations concerning the multiplicity. Many of our examples are in a character of numerical simulations.
Positive solutions
The positive solution is unique for the problem with sublinearity in the sense of that f (λ, u)/u is decreasing on (0, ∞) [2] . For the superlinear problem, the uniqueness is known only for special class of nonlinearity on balls or the whole space [7] . But if the dimension is one, then the uniqueness remains valid, if f (λ, u)/u is increasing on (0, ∞) [4] . Now we consider perturbed linear problem and let f = λu(1 + ε(u)), where ε(u) is a perturbation. If we have a small negative ( positive ) ε(u) then we actually push the straight line up ( down ), and therefore produce example with more solutions ( see the figure below). To be precise, let
, and = 0, otherwise. Example Consider the 1D problem on (−1, 1) with perturbed non- Another example of multiplicity is the concave and convex combination of Ambrosetti, Brezis and Cerami type [1] , f (λ, u) = u p +λu q , 0 < q < 1 < p, where one can have a) exact two solutions, b) a unique solution or c) no solution at all. If we perturb the above nonlinearity in the following way, ) A new class of concave and convex combination is the following quasilinear problem [2] :
where p > 1, ε > 0 and q is in between of 2 and p, 
Sign-changing solutions
In this part, we restrict ourself to one dimensional problem
If f is odd in u, then the nodal solutions are just periodic extensions of the scaled positive solution. In the sequent we will consider the case f
f ± (s) ds, and u(x) be nodal solution of (3) with m upper waves and n lower waves, |m−n| ≤ 1, 1u 0 = max{u(x)} > 0, v 0 = max{−u(x)} > 0, then by the time-mapping analysis [4, 5, 6] , we derive that the following equations hold: F + (λ, u 0 ) = F − (λ, v 0 ), and
It is apparently much harder to analysis the above system of nonlinear equations than the study of time mapping of positive solutions. To illustrate the richness of system above, we pick up function f = λ(6u 
